Abstract. In this paper, we establish fixed point and homotopic results for generalized contractions on spaces with two metrics. Our results generalize and extend the results of Agarwal and O'Regan [R. P. Agarwal, Donal O'Regan, Fixed point theory for generalized contractions on spaces with two metrics, J. Math. Anal. Appl. 248 (2000), [402][403][404][405][406][407][408][409][410][411][412][413][414] and those contain therein.
Introduction and preliminaries
Throughout this paper J denotes an interval on R + containing 0, that is an interval of the form [0, A], [0, A) or [0, ∞). We use the abbreviation ϕ n for the nth iterate of a function ϕ : J → J. Let s ≥ 1, a function ϕ : J → J is said to be a gauge function [7, Definition 1.1] of order s on J if it satisfies the following conditions: (i) ϕ(λt) ≤ λ s ϕ(t) for all λ ∈ (0, 1) and t ∈ J; (ii) ϕ(t) < t for all t ∈ J − {0}. It is easy to see that the first condition of this definition is equivalent to the following: ϕ(0) = 0 and ϕ(t)/t s is nondecreasing on J − {0}. A nondecreasing function ϕ : J → J is said to be a Bianchini-Grandolfi gauge function [ [1] and thus generalize some results of Hardy and Rogers [4] , Kannan [5] , Maia [6] , Precup [8] and Reich [9] . We state following results for convenience. Lemma 1.1. [7, Lemma 2.4 ] Every gauge function of order s ≥ 1 on J is a Bianchini-Grandolfi gauge function on J.
Main results
Theorem 2.1. Let (X, d ′ ) be a complete metric space, d another metric on X, x 0 ∈ X, r > 0 and T : S(x 0 , r) → X satisfies
where ϕ is a Bianchini-Grandolfi gauge function on an interval J = [0, ∞). Then starting from x 0 the iterative sequence
converges to a point ξ ∈ S(x 0 , r) d ′ which will be the fixed point of T if the following conditions are satisfied:
where δ > 0 is such that σ(δ) ≤ r and σ is defined in (1).
Next let x 2 = T x 1 . Then from (3) we have
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Proceeding inductively we obtain a sequence
Note that {x n } is a Cauchy sequence w.r.t. d since for n, p ∈ N, from (7) we have
Thus, there exists N ∈ N with
We claim that, (4) is a Cauchy sequence with respect to
Let ǫ > 0 be given. Then (ii) guarantees that there exists η > 0 such that
Now (8) and (9) imply
and this prove our claim.
Taking limit as n → ∞ we get,
From (iv) since T is continuous at ξ so we have d(ξ, T ξ) = 0 which simply means that ξ = T ξ.
Remark 2.2. Theorem 2.1 remains true if ϕ is a gauge function of order s ≥ 1.
The following global result can easily be obtain from Theorem 2.1 and Remark 2.2.
another metric on X and T : X → X is an operator satisfying (3) with gauge function ϕ of order s ≥ 1 on an interval J = [0, ∞). Then T has a fixed point provided that the following conditions are satisfied:
take r = σ(δ), where σ is given by (1) . Now Theorem 2.1 guarantees that there exists ξ ∈ S(x 0 , r) d ′ with ξ ∈ T ξ. Theorem 2.4. Let (X, d ′ ) be a complete metric space, d another metric on X, x 0 ∈ X, r > 0 and T : S(x 0 , r) → X is an operator satisfying
where ϕ is a gauge function of order s ≥ 1 on an interval J = [0, ∞) and
Then the iterative sequence (4) converges to a unique fixed point ξ of T provided that (i)-(iv) hold. Moreover, if ϕ is continuous, then continuity of T in (iv) can be omitted.
Next let x 2 = T x 1 then from (11) we have
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We claim that
which is a contradiction.
. Then we have
which contradicts the definition of m(x 0 , x 1 ). This prove our claim. Proceeding inductively in a similar way as in Theorem 2.1 we obtain the iterative sequence (4) converges to the fixed point ξ of T . If η is another fixed point then from (11) and (12) we have m(ξ, η) = d(ξ, η) and
So, ξ = η. Finally, suppose d = d ′ and ϕ is continuous then it follows from (11) that
d(x n , T ξ) + d(ξ, T x n ) 2 so passing limit as n → ∞ we obtain d(ξ, T ξ) ≤ ϕ(d(ξ, T ξ)) which is possible only when ξ = T ξ.
The following global result can easily be obtain from Theorem 2.4. Theorem 2.5. Let (X, d ′ ) be a complete metric space, d another metric on X and T : X → X is an operator satisfying (11) with gauge function ϕ of order s ≥ 1 on an interval J = [0, ∞) and m(x, y) is defined in (12).
Q. Kiran, T. Kamran
Then T has a unique fixed point provided that the following conditions are satisfied:
Moreover, if ϕ is continuous, then continuity of T in (c ′ ) can be omitted. 
Homotopy result
In this section we obtain a homotopy result as an application of Theorem 2.4. The proof of the result is inspired by the [10, Theorem 2.4]. We begin with the following Lemma whose proof is given in the proof of [10, Theorem 2.4]. We include its detail for completeness.
Lemma 3.1. If {s n } is a sequence of nonnegative real numbers and ϕ : J → J is a gauge function of the order s ≥ 1 then lim inf ϕ(s n ) ≤ ϕ(lim inf s n ).
Proof. Fix ǫ > 0 and k ∈ N. Note that there exists m > k with s m ≤ inf{s n : n > k} + ǫ.
Now since ϕ is nondecreasing we have
and so inf{ϕ(s n ) : n > k} ≤ ϕ(lim inf s n + ǫ). 
where ϕ is a gauge function of the order s ≥ 1 on an interval
In addition assume H 0 has a fixed point. Then for each λ ∈ [0, 1] we have that H λ has a fixed point x λ ∈ U (here H λ (.) = H(., λ)).
Proof. Let
Now since H(., 0) has a fixed point and (i) holds we have that 0 ∈ A, so A is nonempty. We will show A is both closed and open in [0, 1], and so by connectedness of
Suppose not. For a fixed i ∈ N, there exists n i ∈ N and
Consequently, there exists a subsequence K of {1, 2, · · · } and a sequence
This together with (vii) implies
We will now show that
To see this, note that
Hence (17) is true in this case. (17) is immediate.
Hence (17) is true.
Hence (17) is immediate. Thus we have a contradiction from (16) and as a result our claim (14) is true. Hence there exists r > 0 with d(x k , z) > r for all k ≥ 1 and for all z ∈ U d ′ \ U . As a result (note x k ∈ U for each k)
If we choose δ such that σ(δ) < r then S(x k , δ) d ′ ⊆ U for k ≥ 1. This together with (iii) implies that there exists an integer n 0 with d(x n 0 , H λ (x n 0 )) = d(H(x n 0 , λ), H(x n 0 , λ)) < δ. Remark 3.3. If ϕ(t) = qt (0 < q < 1), then Theorem 3.2 extends [1, Theorem 3.1] and thus some results of [8, 11, 12] .
Now Theorem 2.4 guarantees that

